Collocated active and passive remote sensing measurements collected at U.S. Department of Energy Atmospheric Radiation Measurement Program sites enable simultaneous retrieval of cloud and precipitation properties and air motion. Previous studies indicate the parameters of a bimodal cloud particle size distribution can be effectively constrained using a combination of passive microwave radiometer and radar observations; however, aspects of the particle size distribution and particle shape are typically assumed to be known. In addition, many retrievals assume the observation and retrieval error statistics have Gaussian distributions and use least squares minimization techniques to find a solution. In truth, the retrieval error characteristics are largely unknown. Markov chain Monte Carlo (MCMC) methods can be used to produce a robust estimate of the probability distribution of a retrieved quantity that is nonlinearly related to the measurements and that has non-Gaussian error statistics. In this work, an MCMC algorithm is used to explore the error characteristics of cloud property retrievals from surface-based W-band radar and low-frequency microwave radiometer observations for a case of orographic snowfall. In this particular case, it is found that a combination of passive microwave radiometer measurements with radar reflectivity and Doppler velocity is sufficient to constrain the liquid and ice particle size distributions, but only if the width parameter of the assumed gamma particle size distribution and mass-dimensional relationships are specified. If the width parameter and mass-dimensional relationships are allowed to vary realistically, a unique retrieval of the liquid and ice particle size distribution for this orographic snowfall case is rendered far more problematic.
Introduction
Detailed knowledge of cloud and precipitation microphysical properties is critical for determining many key aspects of the earth's climate system. This is especially true as numerical models of the climate approach resolutions that can begin to resolve cloud processes. While in situ measurements can be used to determine particle size distribution (PSD) characteristics, in situ data often lack the whole-cloud context that is needed to understand clouds at a process level. Remote sensors provide this context, but at the expense of having to infer geophysical properties via inversion algorithms. Several recent studies have documented success characterizing liquid and ice properties using a combination of Doppler radar and microwave radiometer brightness temperature (Tb) observations (Löhnert et al. 2001 (Löhnert et al. , 2003 McFarlane et al. 2002; Delanoë and Hogan 2008; Matrosov et al. 2008; Ebell et al. 2010; Wood 2011; Rambukkange et al. 2011) . Several of these studies cast the retrieval problem in a probabilistic framework, in which uncertainties in observations and prior knowledge are each assigned a probability distribution with width proportional to the magnitude of the uncertainty (Delanoë and Hogan 2008; Ebell et al. 2010; Wood 2011) . A solution is produced by combining all sources of information in a Bayesian context. The problem is made tractable by assuming all probability distributions are Gaussian, and solving the retrieval in a least squares optimal estimation (OE; Rodgers 2000) framework.
The strength of Bayesian inference in cloud and precipitation property retrieval algorithms is the ease with which multiple observational constraints can be applied to a problem. In liquid-phase clouds, Frisch et al. (1998) exploited the integral constraint that is provided by microwave radiometer-derived liquid water path and showed that liquid water content profiles can be inferred from profiles of radar reflectivity raised to an appropriate exponent. McFarlane et al. (2002) and Löhnert et al. (2003) extended these ideas to nonprecipitating cumulus and stratocumulus, respectively, using in situ aircraft statistics and cloud-resolving model output in an OE framework. Ebell et al. (2010) show that the uncertainties in these estimates depend fundamentally on the validity of a priori assumptions that must be derived from in situ aircraft data. In thin ice clouds, an integral constraint equivalent to the liquid water path in warm clouds is provided by the downwelling infrared radiation (Matrosov et al. 1994; Mace et al. 1998; Zhang and Mace 2006) . These ideas were extended to the use of radar Doppler moments by Deng and Mace (2006) and to constraints provided by both lidar and radar by Donovan (2003) and Zhao et al. (2011) . Delanoë and Hogan (2008) combined active and passive measurements in an innovative OE algorithm applicable to cirrus. All of these ice cloud studies discussed limitations to accuracy that arose because of assumptions regarding the microphysical properties of ice crystals-specifically the mass-and area-dimensional relationships that were assumed. There have been few applications of Bayesian inference in mixed-phase clouds using active and passive sensors.
Bayesian OE has great utility in that it explicitly represents each piece of information and the associated uncertainty, and, if properly implemented, can produce a quantitative estimate of the retrieval error. Even so, the assumption of Gaussian uncertainty and a linear least squares framework is a limitation that can lead to misinterpretation of retrieval results (Posselt et al. 2008) . If the relationship between retrieved quantities and observations is nonunique, the OE algorithm may not produce the optimal set of retrieved parameter values. In addition, Gaussian probability distributions are not suitable representations of uncertainty in cases for which parameters are constrained to be positive definite (Posselt et al. 2014) .
Markov chain Monte Carlo (MCMC) algorithms (Metropolis et al. 1953; Hastings 1970; Posselt and Vukicevic 2010, hereinafter PV10; Posselt and Bishop 2012, hereinafter PB12; Posselt 2013) have recently been used to examine the information content of remote sensing retrievals (Tamminen and Kyrölä 2001; Posselt et al. 2008) and in rare cases to perform the retrieval itself (Tamminen 2004) . MCMC methods produce a Bayesian estimate of the probability distribution of a set of parameters given a set of observations, prior knowledge, and a model that relates parameters and observations. There is no requirement that the probability distributions be Gaussian, and additional constraints (e.g., positive definite PSD parameters) can be easily and flexibly accommodated. As such, MCMC algorithms can be used to obtain an accurate assessment of observation information content, to assess the effect of uncertainty in the forward model, and determine which observations might be used to constrain the retrieval should the solution prove to be nonunique. The cost of this flexibility is the computational burden required to implement MCMC algorithms, as will become clear below.
In this paper, a Markov chain Monte Carlo algorithm is used to retrieve cloud and precipitation properties in a case of orographic snowfall for the purpose of illustrating the sensitivity of such retrievals to assumptions and prior information. The results 1) indicate whether there is sufficient information in a combined microwave radiometer and radar retrieval to constrain a bimodal (liquid and ice) cloud particle size distribution, and 2) determine, via computation of the probability distribution of retrieved liquid and ice, the error characteristics of the retrieval and the dominant sources of uncertainty. It should be noted at the outset that errors in any retrieval of cloud PSD properties tend to be strongly regime dependent, and retrieval outcomes in general are sensitive to the specific forward model(s) used and measurement errors assumed. Our experiments highlight the uncertainty in mixed-phase PSD retrievals from surface-based measurements: W-band cloud radar and low-frequency microwave radiometer observations. The results are specific to our combination of forward models and were obtained from a single orographic snowfall case. As such, though the MCMC methodology is robust, and our forward models well tested, our results should be viewed as applicable to a relatively narrow range of conditions. We will return to this point in the conclusions, and offer a preview of how we are currently increasing the generality of our experiments.
The remainder of this paper is organized as follows. The case study and forward models for radar and microwave radiometer are described briefly in section 2 and in more detail in appendixes A and B. Section 3 contains an analysis of how forward-modeled measurements change in response to changes in cloud PSD-the cloud property response functions. Results from idealized and real-data retrievals using MCMC are presented in section 4, and our major conclusions are summarized in section 5. Mace et al. 2010) . The purpose of StormVEx was to document the properties of orographic mixed-phase snow clouds in conjunction with the collection of correlative data at Storm Peak Laboratory (SPL) located at the summit of Mount Werner (Borys and Wetzel 1997; Hallar et al. 2011a,b) . The remote sensors used for this study were located near the Thunderhead Lodge at an elevation of 2759 m approximately 2.4 km to the west and 400 m below SPL and collected data continuously from late November 2010 until early April 2011. The Scanning W-Band Cloud Radar (SWACR) and a 2-channel (23 and 31 GHz) microwave radiometer, as well as ancillary data from a laser ceilometer, are the primary instruments used in this study.
The SWACR collected data during ;30-min sequences in zenith-pointing, RHI, and plan position indicator (PPI) scan modes. During the zenith periods, which occupied 18 min of every 30-min sequence, Doppler spectra were collected and archived, and Doppler moments were calculated from those spectra. The campaign benefitted from one of the snowiest winters on record in the northern Colorado Rocky Mountains with cloud cover exceeding 60%. Measureable snow was recorded on more than 75 days of the campaign. Major snowfall exceeding 10 cm day 21 was recorded on approximately 40 of those days. Total measureable snowfall exceeded 800 cm over the entire winter season. The case we examine in this paper was recorded on 4 February 2011 when a quiescent northerly flow existed over the Park Range. This case was selected because both liquid and ice particles were known to exist within the cloud, and because snowfall was light and nearly continuous over a period of several hours. Snow began to fall during the early local afternoon from a mixed-phase cloud layer with bases (determined from ceilometer data) that varied from near to just below the SPL level where temperatures were in the 2108C range. Cloud tops from the SWACR were observed to be approximately 2 km above the radar where temperatures from an afternoon radiosonde were 2158C. Operators at SPL reported rime buildup on the instruments during the afternoon with the light snowfall that consisted primarily of rimed dendritic ice crystals. Snowfall was light enough that automated snowfall instruments recorded no measureable accumulation. Figure 1 shows the radar Doppler moments that were collected during the 1-h period centered on the profile that we evaluate in this study. It is notable that a bimodal (and in select layers, trimodal) spectrum is evident in the observations of Doppler spectral width. It is not uncommon to observe a population of precipitating ice hydrometeors collocated with smaller ice particles falling more slowly, and it is likely that this was the case during a portion of the observed time period. On this particular afternoon, the SWACR did not conduct routine RHI and PPI scans, and only zenith-pointing data were collected.
b. Forward models
Ultimately the link between a set of measurements y that include profiles of Doppler moments and passive remote sensing constraints from collocated radiometers and inferences of the microphysical properties of the profile x is the set of radiative transfer models F(x). As noted above, the efficacy and error characteristics of any retrieval are strongly dependent on the details of these forward models. As the orographic clouds of interest have been shown to consist primarily of small liquid cloud droplets and a larger precipitating ice cloud mode, we assume in all cases that the PSD is bimodal and above cloud base include a liquid cloud PSD and a PSD of ice-phase hydrometeors (snow). Consistent with in situ measurements of both liquid and ice-phase clouds, we assume that the form of these PSDs can be accurately described by a modified gamma function:
where the subscript i refers to either the small particle mode (subscript s-i.e., the liquid cloud mode) or the large particle mode (subscript l-i.e., the snow precipitation mode) so that n(D) 5 n s (D) 1 n l (D). In the remainder of this paper, the small mode will be assumed to be liquid and the large mode will be assumed to be ice, but it should be noted that there is flexibility in the forward model for the converse (ice small and liquid large), or for both small and large to be either liquid or ice. Below the precipitating cloud base, we assume a singlemode PSD that consists of snow. Our goal is to derive the PSD parameters of the gamma functions as well as the vertical air motion w air and the standard deviation of the air motion within the radar resolution volume s w so that x 5 [N l , D l , N s , D s , w air , s w ] and a i are derived empirically, as described later. Integrating the PSD after multiplication by an appropriate empirical power-law assumption determines the microphysical properties of the PSD. The water content, for instance, can be calculated as follows:
where the mass of a hydrometeor is m i (D) 5 a m,i D b m,i in cgs units, and G is the gamma function. The derivations of additional microphysical parameters are presented in appendix A.
To calculate radar measurables, we integrate across the bimodal PSDs to determine the radar backscattered power and attenuation through the cloudy column using scattering and extinction efficiencies as a function of particle size. To accomplish this, we neglect multiple scattering and derive the backscatter cross section as a function of size using Mie theory for liquid (Bohren and Huffman 1983) , with refractive indices after Hale and Querry (1973) and T-matrix-derived cross sections for ice-phase hydrometeors provided by Matrosov et al. (2008) in size intervals ranging from 100 mm to 2 cm in 100-mm increments. The T-matrix cross sections were calculated assuming oblate spheroids with an aspect ratio of 0.6 and a mass-diameter relationship of m 5 0:003D in cgs units. The Maxwell Garnett formulas for mixtures of ice and air were used to compute the refractive indices. While T-matrix calculations are certainly not exactly representative of the scattering properties of the ice crystals present in the observed volume, we have no empirical information (e.g., on the habit distribution and the mass distribution within the habit) that might be used to specify a more exact representation of scattering (e.g., using a discrete dipole approximation). It is possible that the assumption of a single crystal shape and internal mass distribution will cause the retrieval variance to be smaller than it is in reality, but we have no specific information that might be used to confirm or deny this. It is equally possible that assumption of a mixture of crystal shapes and distribution of masses may in the end cause little increase in solution variability. A detailed study using various representations of scattering is certainly warranted, but is beyond the scope of the current study.
We have collected and adapted a set of published forward models that relate hydrometeor properties to measurements. With the exception of the radar forward model, we use published radiative transfer codes, including the microwave radiative transfer algorithm based on the Eddington approximation described by Kummerow et al. (1996) and modified by Lebsock et al. (2011) . As the microwave radiometer of interest is vertically pointing (upward looking), the forward-modeled Tbs are nearly insensitive to the value of surface emissivity. We have used a value of 0.8 to strike a balance between the relatively low emissivity of fresh deep dry snow and high emissivity of aged wet snow (Hewison and English 1999) .
c. Markov chain Monte Carlo algorithm
Remote sensing retrievals by definition presume that a set of geophysical quantities can be estimated from a set of indirect measurements, and as such require a model (or set of models) that maps from geophysical parameter space to observation space. The forward problem describes the generation of simulated observations from a set of control parameters, while the inverse problem maps information from observation space into the control parameter space. The most general solution to an inverse problem combines all pieces of information about the system of interest, taking into account their respective uncertainties. If uncertainties are represented as probability distributions, then the solution is defined as the joint probability distribution of the retrieved quantities conditioned on the observations, choice of model, and prior knowledge. Bayes's theorem provides a compact statement of the relationship between conditional probabilities (Tarantola 2005) :
where, as above, x is the set of retrieved microphysical properties and y are the observations. The term P(x) represents prior knowledge of the control parameters x, while P(y) represents the probability space containing all possible observations. The optimal estimate of the set of retrieved parameters is defined as the maximum likelihood point in the posterior conditional probability density function (PDF) P(x j y). Retrieval uncertainty can be quantified via calculation of the width of the posterior PDF [posterior (co)variance, interquartile range, etc.], while relationships between retrieved parameters and observations can be determined via examination of the likelihood P(y j x) or by examining the forwardmodeled response function. Markov chain Monte Carlo methods provide a solution to (3) that does not require assumptions as to the specific form of the probability distributions (e.g., Gaussian, as is the case in optimal estimation) and utilizes the full nonlinear forward model. MCMC algorithms sample the posterior probability distribution via a random walk that consists of multiple sequential runs of the forward model. In each iteration, candidate values of all retrieved parameters are randomly drawn from a proposal distribution centered on the current parameter estimate. The forward model is then used to produce simulated observations from the candidate parameter values and the resulting forward observations and prior are compared with the observations via a cost function. The form of this cost function depends on what the user has chosen as a likelihood function P(y j x). The proposed set of parameter valuesx (and the corresponding set of forward-modeled observationsŷ) are accepted as a sample of the posterior probability distribution with probability:
where x i is the previously accepted parameter set and the acceptance ratio r(x i ,x) is defined as
Here, q(x, x i ) is the proposal distribution and represents the probability of randomly transitioning from the current parameter set x i to the proposed parameter setx. Conversely, q(x i ,x) represents the probability of randomly transitioning from the proposed parameter setx back to the current parameter set x i . If the proposal distribution is symmetric, q(x i ,x) 5 q(x, x i ), and Eq. (5) simplifies to the ratio of prior and likelihoods. Our implementation of the MCMC algorithm uses an uncorrelated Gaussian proposal distribution centered on the current set of parameter values, with variance that is adaptively tuned during an initial set of forward-model calculations (Haario et al. 1999; Tamminen and Kyrölä 2001; Posselt 2013) . Parameter sets generated during the tuning process are not included in the posterior solution.
Note that the form of likelihood and prior are completely general-any distribution shape may be assumed. The value of the acceptance ratio r(x i ,x) determines whether the proposed set of parameters is stored as a sample of the posterior distribution. If the new set of parameters produces an improved fit to the observations, then this set is saved as the next sample in the distribution. If not, then a test value is drawn from a uniform distribution. If this value is less than the acceptance ratio, then the proposed parameter values are saved; if not, then the proposed set of parameters is rejected, the current set is stored as another sample, and new proposed parameter values are drawn. The accept/reject procedure is central to the operation of an MCMC algorithm, and ensures that randomly chosen parameter sets with higher probability (better fit to the observations) are automatically accepted, while parameter values that provide a similar (but perhaps poorer) fit to observations are considered. Parameter sets that produce forward observations far from the measurements are rejected. In the process, the algorithm preferentially samples high-probability regions of the posterior parameter space, avoids very low-probability regions, and appropriately samples the parameter space in between. The probabilistic accept/ reject procedure allows the algorithm to move away from local probability maxima and is the primary reason MCMC is not simply an optimization algorithm. Considered as a whole, the sequence of randomly generated parameter vectors accepted as samples of the posterior distribution is the Markov chain. At the user's discretion, an MCMC algorithm can be constructed so that it uses a single Markov chain, or multiple chains simultaneously exploring the probability distribution associated with the same set of observations (Posselt 2013) .
The sample of the posterior PDF generated by an MCMC algorithm represents the most complete characterization of the retrieval solution for a given forward model, prior, and set of measurements. Sources of uncertainty can be easily identified, observation information content can be quantified, and the impact of changes to observation uncertainty as well as the introduction of new observations can be tested in a straightforward manner. The implementation of the MCMC algorithm in this paper is based on the algorithm described in Posselt et al. (2008) , and PB12, and illustrated in the flowchart presented in Fig. 2 . In each of the aforementioned papers, the set of parameter values was fixed in time and space.
It should be noted that the implementation of MCMC used in this paper has been modified to account for the fact that, as opposed to a set of scalar quantities, vertical profiles of cloud properties are estimated. There are a number of ways to estimate vertical profile variables in an MCMC algorithm. One can assume parameters are spatially uncorrelated, and randomly generate proposed parameter profiles by perturbing a single layer at a time or perturbing all layers simultaneously and randomly. In practice, the former option leads to very slow convergence, while the latter introduces a significant amount of noise in the profiles. An alternative option is to smooth perturbations in the vertical, either by perturbing a single layer at a time and spreading the influence using a correlation function with specified vertical decorrelation length, or by perturbing all layers simultaneously, then adjusting the proposed profile using a specified smoothing function. Tests with each option indicate the former technique is most effective in producing a robust estimate of the posterior PDF in the most computationally efficient manner. The vertical decorrelation length scale was estimated from the vertical decorrelation of the radar reflectivity profiles, and was determined to be approximately 400 m. The results were relatively insensitive to the choice of decorrelation length, though of course large decorrelation length essentially causes the entire profile to be perturbed simultaneously, unrealistically constraining the vertical variability in the profile. As mentioned above, very small lengths lead to effectively independent perturbation of each layer. This is not a problem per se, but it leads to much slower convergence in the MCMC algorithm.
As in PV10 and PB12, the prior probability density function for all control variables is assumed to be uniform with minimum and maximum bounds set to physically realistic values of each of the PSD parameters (Table 1 ). The mass-and area-dimensional relationships are estimated by summarizing values reported in Mitchell (1996) , Szyrmer and Zawadzki (2010) , and Heymsfield et al. (2010) and are appropriate for the aggregates and dendritic particles observed on this case day. The PSD parameters were determined using data collected in situ during StormVEx from the Colorado Airborne Mixed Phase Study (CAMPS; Dorsi 2013) that was funded by the National Science Foundation. We perform two sets of experiments: one in which the true values of each PSD parameter are predetermined and used to generate simulated radar and microwave radiometer observations, and another in which MCMC is used to retrieve PSD properties from observations taken from the 4 February 2011 StormVEx case. The idealized experiment is used to examine the functional relationships between changes to PSD parameters and forward-model output (the forward-model response function). Following idealized tests, MCMC experiments are used to retrieve the vertical profile of liquid and ice PSD parameters for a single representative cloud profile. The information content of the observations is assessed and the effect of uncertainty in the cloud PSD is examined.
Idealized retrieval experiments
Prior to conducting MCMC experiments, we explore the performance of the combined radar and microwave radiometer retrieval for an idealized case. We first analyze the response of the forward-modeled observations to changes in particle size distribution parameters with the intent of 1) exploring the inherent sensitivity in the retrieval and 2) characterizing the (univariate) parameter-observation functional relationship. We then specify a (vertically homogeneous) vertical profile of liquid and ice content based on the specified default parameters listed in Table 1 , and generate simulated observations by using these ''true'' profiles in the radar and microwave radiometer forward models. The resulting simulated observations are then used to retrieve the cloud particle size distribution parameters, using observation uncertainty consistent with the real-world StormVEx observations. The results provide information as to whether the observations provide sufficient constraint on the retrieval.
a. Response functions
While it is ultimately the multivariate relationships that are of interest in the retrieval, it is useful to examine the univariate retrieval sensitivity. Such an analysis yields information as to the functional dependence of forward-model output on changes to control parameters, and can provide an early indication of nonlinearity and/or nonuniqueness in the retrieval. In the following analysis, radar and microwave radiometer forward models are run for a range of values of each input parameter (Table 1) one at a time, fixing the remaining parameter values at their default values. Forward-model sensitivities are presented in terms of the modal diameter and particle number, as these are the fundamental retrieved variables (Deng and Mace 2006) . In the retrieval framework, the maximum likelihood estimate and associated PDF are converted to liquid and ice water content and total number via equations in appendix A.
Examination of the results (Fig. 3 ) reveals the following. W-band radar reflectivity (Fig. 3a) is insensitive to changes in liquid particle size up to modal diameter of approximately 10 mm at which point liquid drops become large enough to produce changes to W-band reflectivity. However, the changes are less than a few decibels for a factor-of-3 change in model drop size, suggesting that realistic changes to drop size would be difficult to discern in reality. Doppler velocity (Fig. 3b) decreases as the liquid size increases. This counterintuitive result arises because the retrieval accounts for the effects of the snow as well as the liquid cloud mode. Recall that the Doppler velocity is a Z-weighted quantity, that is,
, where the subscripts s and l refer to the PSD modes described above. With the snow (large mode l) properties held fixed and the modal diameter of the liquid (small s) mode increasing and contributing more and more significantly to the reflectivity, the bimodal V d actually decreases because the small terminal velocities of the liquid mode figure more and more prominently in the weighted sum. Note that we have restricted particle sizes in the computation to modal values less than 20 mm for the sake of consistency with the mixedphase orographic clouds observed during StormVEx. In our MCMC experiments, we allow liquid modal diameter a much larger range to accommodate the diverse conditions encountered in real clouds.
Forward-modeled low-frequency microwave radiometer Tbs (Figs. 3c,d ) display the well-known sensitivity to liquid water mass, while reflectivity changes little with liquid particle number (Fig. 3e) , primarily because the liquid particles are assumed to be small (default modal diameter set equal to 5 mm). As expected, liquid particle fall velocity, as viewed through the lens of mean Doppler velocity, is insensitive to changes in particle number (Fig. 3f) . Liquid water content is linearly dependent on particle number (see appendix A for details), and this dependence is reflected in the microwave radiometer Tb (Figs. 3g,h ). Reflectivity and Doppler velocity (Figs. 3i, j) are highly sensitive to changes in snow modal diameter, but, in contrast to the liquid particles, Doppler velocity sensitivity begins to saturate as particle size increases because of hydrodynamic drag. In comparison with the liquid diameter-Tb response function plots (Figs. 3c,d ), low-frequency microwave radiometer Tbs are less sensitive to changes in ice diameter (Figs. 3k,l) for equivalent changes in ice particle size, although this sensitivity increases dramatically at large sizes because of scattering effects at these weakly absorbing wavelengths. Radar reflectivity is significantly sensitive to changes in the ice number (Fig. 3m) , because the modal ice diameter is set by default to a relatively large 200 mm (Table 1 ). As with liquid particle number, Doppler velocity demonstrates a very weak dependency on the ice particle number density (Fig. 3n) . Microwave radiometer Tbs are linearly related to changes in ice modal number, but the sensitivity is small because of the far smaller absorption of microwave energy at gigahertz frequencies in ice. large values of ice diameter. It cannot be overstated that the results presented above are only applicable to the specific combination of observations and forward models considered here (W-band radar and low-frequency passive microwave radiometer). The conclusions would almost surely differ for other radar wavelengths (and for multifrequency radar) and high-frequency microwave radiometer observations.
b. Idealized retrieval
We now examine the observational constraints on liquid and ice particle size distribution parameters using idealized PDF-based retrievals. We use the radar and microwave radiometer forward models to generate simulated observations of 23-and 31-GHz microwave radiometer Tb and radar reflectivity and Doppler velocity using specified (vertically homogeneous) profiles of liquid and ice content and number, as well as profiles of temperature and water vapor content consistent with conditions observed during StormVEx (Table 1) . Gamma distribution width parameters and mass-dimensional relationships are fixed. We then retrieve the modal diameter and number assuming a homogeneous profile. As is the case in previous work, the width parameter and massand area-dimensional relationships are fixed. As in the response function analysis, PDFs of retrieved parameters are generated via a ''brute force'' or exhaustive perturbation method in which the forward models are run successively in increasing increments of each retrieved parameter over a specified range of values (Table 1) . For each set of cloud parameter values the forward-model output is compared with the simulated observations via a Gaussian cost function
where S 21 y is the observation error covariance matrix and F(x) is the vector of forward-modeled observations. As is commonly the case, we assume that the observation errors are uncorrelated, and as such, S 21 y is a diagonal matrix with the observation error variances (Table 2) on the diagonal. If we assume a uniform prior distribution P(x), then the characteristics of the forwardmodeled solution can be examined by plotting the unscaled likelihood function (the exponential of the cost function). If there is a unique maximum likelihood point, then the retrieval can be said to be well constrained by the observations.
The results reflect the sensitivity of the forward-model output to changes in the PSD parameters shown in the response function plots (Fig. 3) , and by extension the information content of the simulated observations.
Observations of W-band reflectivity alone are insufficient to constrain either liquid or ice particle size distribution, though large liquid and ice diameter are precluded (Figs. 4a,d ). The addition of Doppler velocity renders a unique solution for the ice PSD parameters (Fig. 4e) , and results in elimination of liquid modal diameters larger than about 12 mm (Fig. 4b) . Addition of low-frequency microwave radiometer Tb observations places additional constraint on the liquid PSD (Fig. 4c) , but it is notable that the solution is still nonunique. There exist a near infinite number of combinations of modal diameter and number that will produce the identical set of forward observations. Examination of the response functions provides the explanation. Tb observations prevent large values of liquid diameter, but within a reasonable range of diameter and particle number, increases in diameter can be compensated by decreases in number. It is worth pointing out that this retrieval is perhaps the most idealized one can expect for the given set of observations, as the cloud fields were set to be vertically homogeneous, the true values were known, and the gamma width parameter and mass-dimensional parameters are specified. In the next section we examine the results of a retrieval in which real-world observations are used to constrain vertically varying profiles of liquid and ice content and number, and in which gamma distribution width parameter and mass-dimensional relationships are allowed to realistically vary.
Retrievals of cloud PSD from StormVEx observations
We now use W-band radar and low-frequency microwave radiometer observations obtained during the StormVEx field campaign to retrieve vertical profiles of liquid and ice using MCMC. As our primary goal is an exploration of the sensitivity of the retrieval, we do not need to retain the full vertical resolution in the observations or estimated parameters. Estimation of cloud PSD properties for every radar range bin would also add 
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significantly to the computational expense of implementing MCMC. For this reason, we significantly reduce the vertical resolution of the SWACR data from 42-m range bins to just three layers. These layers are evenly divided in the vertical, where the lowest layer (142-741 m above the surface) captures primarily the subcloud layer where mostly precipitation is found, the midlayer (741-1341 m above the surface) is the mixed-phase region where snow is falling through liquid cloud, and the upper layer (1341-1983 m above the surface) is also mixed phase but the ice particles are smaller and the liquid phase contributes more significantly to the radar observables. The vertical averaging is accomplished by summing the radar reflectivity Z over each layer and dividing by the number of range bins in the layer, while the Doppler velocity is computed as a Z-weighted average in the layer. A single representative profile is chosen for analysis (Table 2) , and two different experiments are conducted; one in which the ice mass-dimensional parameters and liquid and ice gamma distribution width parameters are set equal to default values, and one in which they are allowed to vary. In each experiment, observations of reflectivity, Doppler velocity, and microwave radiometer Tb are used to constrain the retrieved particle size distribution. The vertical column is perturbed one layer at a time, with perturbations spread in the vertical via a Gaussian function with 400-m decorrelation length. A single Markov chain is used, and the MCMC algorithm is run for increasing numbers of iterations of the forward model as the dimensionality of the problem is increased (Table 3) . Convergence of the Markov chains is assessed via intercomparison of multiple randomly drawn subsamples of 10 5 iterations, as well as via visual inspection of the chains themselves (not shown in the interest of brevity). In each case, the integrated absolute differences between the subsampled PDFs were less than 2% and the chains were observed to be mixing readily in the solution space.
a. Fixed gamma distribution width and mass-dimensional relationships
We first examine the constraint on the retrieval imposed by adding successively greater amounts of information to the system. In each of the experiments that follow, we begin with a reflectivity-based retrieval, then add information first from Doppler velocity then microwave radiometer Tb. Retrieval information content can be estimated via examination of the Bayesian posterior PDF produced by MCMC. By definition, the optimal fit to the available observations is the maximum likelihood point in the PDF, the point at which the posterior PDF has a maximum in value. If there are multiple maxima, this reflects the fact that multiple different sets of parameter values produce forward-modeled values that are consistent with the real observations. If there is no unique maximum likelihood point, or the probability maximum is broad in the vicinity of such a point, then by definition the retrieval is not well constrained.
Examination of the posterior PDF of the liquid number and content (Fig. 5) indicates, as expected, W-band reflectivity alone is not capable of producing a unique solution for the cloud of interest (Figs. 5a,d,g ). While the liquid water content is restricted to relatively low values, the maximum likelihood region in the PDF is spread across a large range of values of number density. The addition of observations of Doppler velocity results in a strong constraint on the liquid PSD in the top layer (Fig. 5b) in accordance with our earlier discussion of Fig. 3b . Whern the ice and liquid modes both contribute significantly to the radar measurables, the reflectivityweighted velocity decreases as the liquid phase increases in mean size. Whereas the combined reflectivity changes in the same sense with increases or decreases in the ice or liquid PSD modes, the negative tendency in Doppler velocity for increases in the liquid mode provides a unique constraint on the microphysical properties. The solution is clearly bimodal in the lower and midlayers (Figs. 5e,h) , especially for the liquid-phase clouds. A solution that consists of high number and low liquid water content is nearly as likely as lower droplet number but marginally higher water content. Note that the ice content in the top layer is low (Figs. 6a-c) , and as such the amounts of liquid and ice are comparable.
Addition of low-frequency microwave radiometer Tb observations produces a preferred mode in the solution, but the secondary mode is still evident, particularly at low and midlayers (Figs. 5f,i) . In retrieval algorithms that seek a solution via iterative convergence to a local maximum in the PDF (e.g., optimal estimation), it is possible that the algorithm might select the incorrect (less likely) solution. In all cases it is clear that the posterior PDF departs significantly from a Gaussian shape. In select cases (e.g., observation of reflectivity alone, or the PDFs in the top layer (Figs. 5b,c) , the PDF is unimodal and skewed, but in all other cases there are multiple possible solutions (multiple modes in the PDF). In each case, simply the physical requirement that PDFs be truncated at zero liquid content and number can present problems for methods that assume Gaussian PDFs.
In contrast to the liquid particle size distribution, use of reflectivity observations almost immediately produces a more well constrained solution for the ice water content and number density in all layers (Figs. 6a,d,g ), though a bimodal PDF is still clearly evident. Addition of Doppler velocity observations serves to produce a unique solution in the upper layer and leads to a preferred mode in the PDF in the lower and midlayers (Figs. 6e,h ). At first glance, addition of microwave radiometer Tb observations appears to introduce greater uncertainty into the retrieval of ice content and number in the upper and midlayers (a greater number of possible solution states is included in the posterior PDF). In the absence of Tb observations, the large liquid water content solution is coupled with the low ice content solution so that the forward-modeled reflectivity is consistent with the observations. Upon the addition of microwave radiometer observations, the relatively high LWC and low IWC solution emerges as preferred. As with the liquid PDFs, none of the posterior distributions for ice content and number can be said to be Gaussian in form, and most cannot even be claimed to be approximated by a Gaussian distribution, much less a distribution with a single mode.
In all of the results presented in this section, the gamma distribution width parameter and snow massdimensional relationships were assumed known. In reality, these may vary over a potentially large range of values introducing additional uncertainty into the retrieval. To be sure, in most real-world applications, the most appropriate values of these empirical parameters are usually not known, much less their variability. The effect of this additional uncertainty is explored in the next section.
b. Variable gamma width and mass-dimensional relationships
Prior to conducting MCMC experiments in which the width and mass-dimensional parameters are allowed to vary, it is first useful to explore the response of the forward-modeled radar and microwave radiometer observations to changes in these variables. The results of similar response function experiments to those described in section 3 above are presented in Fig. 7 . From Eqs. (A1) and (A3) it can be seen that the width parameter affects both the water content and total number via its presence in the gamma function, while the coefficient and exponent in the mass-dimensional relationship affect only the water content. Because the terminal velocity of particles depends on the ratio of particle mass to area, the mass-dimensional relationship parameters influence the forward-modeled Doppler velocity [see Eqs. (A5) and (B4)]. It is also clear that changes in the width parameter for liquid have negligible effect on W-band radar reflectivity and Doppler velocity (Figs. 7a,b) and a very small effect on 23-and 31-GHz microwave radiometer Tbs (Figs. 7c,d ). In contrast,
FIG. 5. Retrieved PDF of liquid PSD in (a)-(c) top, (d)-(f) middle, and (g)-(i)
lower layers using observations of (left) radar reflectivity alone, (center) reflectivity and Doppler velocity, and (right) reflectivity, Doppler velocity, and microwave radiometer Tb. White dotdashed, dashed, solid, and dotted lines correspond to the 99.7%, 95%, 68%, and 38% probability contours, respectively. Color-filled contours correspond to the probability density normalized to 1.0 over 51 bins in each parameter. Note that the number density is in units of per centimeter cubed while liquid water content has units of grams per meter cubed. 2046 variability in the width parameter for ice has a relatively large effect on the radar forward observations (Figs. 7e,f) , and on the microwave radiometer Tb (Figs.  7g,h ), especially at large gamma distribution widths (larger numbers of large particles).
Variability in the mass-dimensional relationship is only relevant to the ice phase, as liquid particles in this particular case are small and can be assumed to be spherical. Note that in the current version of the radar forward algorithm, reflectivity is rendered insensitive to changes in the mass-dimensional relationships by design. We are well aware that this is a limitation of the current forward model, and an improved version of the model, in which the radar backscatter cross sections are functionally related to the mass-dimensional parameters, is currently in development (Hammonds et al. 2014) . Forward-modeled Doppler velocity is very sensitive to changes in both the mass-dimensional parameters, while microwave radiometer Tb exhibits little sensitivity (Figs. 7k,l,o,p) . Note that there is FIG. 6 . As in Fig. 5 , but for the retrieved PDF of ice PSD. Note that in these plots, the number density has units of per liter while ice water content has units of grams per meter cubed.
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an inverse functional relationship between the Doppler velocity and the coefficient and exponent in the mass-dimensional relationship, indicating that increases in the mass coefficient can be effectively compensated by decreases in the mass exponent (and vice versa). We interpret the sensitivity in the microwave Tbs to the assumed ice parameters to be primarily a scattering phenomenon. We note that the effects are larger at 31 GHz than at 23 GHz even though the complex index of refraction taken from Sadiku (1985) is smaller at 31 GHz (1.0 3 10 23 ) than at 23 GHz (1.4 3 10 23 ). The scattering cross section varies approximately as the inverse wavelength raised to the 24 power and directly as the particle size raised to the exponent 6 in the Rayleigh regime. Therefore, the stronger response at 31 GHz may be ascribed to the inverse wavelength dependence. As the shape parameter increases (Figs. 7g,h ) the ice size distribution broadens and ice mass is increasingly moved to large particle sizes where the D 6 relationship results in increased scattering cross sections. For the massdimensional relationship parameters a m and b m , we find a positive change with increasing a m and a negative change with increasing b m . This can be understood by considering that mass changes as D bm for changes in a m while the mass changes in a manner inversely proportional to D for changes in b m . Larger a m results in increased mass at larger sizes, while changes in b m result in less mass at the larger sizes. In any case, these microwave Tb sensitivities should serve as a caution against simple interpretations of microwave radiometer measurements in mixed-phase clouds since ice scattering can have a considerable influence on the observations.
Comparison of the retrieved joint PDFs of liquid water content and number density (Fig. 5 ) with those retrieved in the presence of fixed a, a m , and b m (Fig. 8) reveals the following. In all but a few cases, the fundamental shape of the probability density function does not change significantly when additional PSD parameters are allowed to vary. This reflects the fact that the underlying functional relationship between changes to parameters and forward-modeled observations is robust to changes in the shape of the PSD and particles themselves. However, variability in the liquid and ice gamma width parameters (Fig. 8, left) causes a fundamental change in the center of mass and variance of the solution PDF for the liquid cloud retrieval. The optimal number concentration decreases near the top of the cloud (Fig.  8a) , increasing in lower and midlayers (Figs. 8d,g ). The mode in the PDF of liquid water shifts toward larger values in the upper layer; while the set of solutions at low number and relatively high liquid water content in the lower layer disappears. The reason for the elimination of this mode (and a corresponding mode in the ice PSD PDF) is explored below, following a discussion of the ice PSD PDFs. In contrast to variability in the width parameters, changes in the ice mass-dimensional parameters (Figs. 8b,e,h ) lead to an increase in the liquid water content solution variability, but little change in the optimal solution. As was mentioned above, the exception in both cases is the removal of the mode in the PDF at small number concentration and relatively large liquid water content. When both width and mass parameters are allowed to vary (Figs. 8c,f,i) , the result is a solution space that exhibits greater variability than when parameters are fixed, but for which there remains an optimal (unique) solution.
As with the liquid cloud properties, the shape of the retrieved ice PDF (Fig. 9) is consistent across all experiments; IWC and ice number are positively correlated and the magnitude of the correlation is similar. However, in contrast to the liquid experiments, the location of the mode in the PDF does not change as the gamma distribution width and ice mass parameters are allowed to vary. Variability in a (Figs. 9a,d,g ), as in the liquid cloud case, changes the PDF structure, leading to removal of the mode in the PDF associated with very low ice water content and large ice number concentration. When the mass parameters are allowed to vary (Figs. 9b,e,h ), the structure of the solution space changes little, but the width of the posterior PDF increases significantly, especially in the lowest layer. Solutions are now relatively likely (e.g., large ice water content and number density) that were prohibited when a m and b m were fixed. When liquid and ice gamma distribution width and ice mass parameters are allowed to vary (Figs.  9c,f,i) , the location of the primary solution remains the same, but the variability increases further. A wide range of ice water content is now feasible in the lower and midlayers and there has been an expansion in the range of possible solutions near the top of the cloud as well.
The absence of the mode in the midlayer liquid and ice PSD PDFs can be explained via examination of the PDF of the modal diameter (D 0 ) and number (N 0 ) of liquid and ice (Fig. 10) . Recall that these are the parameters that are, in actuality, varied in the retrieval process. The mode in the PDF of LWC and N 0liq (Fig. 5f ) at large LWC and small N 0liq is associated with the mode in Fig. 10a at relatively large modal diameter (approximately 30 mm) and small number (by inspection N 0 . 1200 cm
24
). When the gamma distribution width is specified to be zero, it is possible to fit the available radar and microwave radiometer Tb observations with a small number of relatively large cloud droplets. The fit is only reasonable in a very small range; however, because of the sensitivity of the W-band radar reflectivity to small changes in particle diameter once the particles are large. Inspection of the joint PDF of modal liquid diameter and ice number (Fig. 10b ) reveals there is a large range of ice numbers compatible with the large liquid modal diameter values, but these are necessarily associated with a small ice diameter (Fig. 10c) . This explains the secondary mode in the IWC/N 0ice PDF (Fig. 6f ) centered at small IWC values. The liquid particles are providing the major portion of the radar signal and necessitate the retrieval of small ice particles. Since the particles are small, a relatively large range of sizes will produce a reasonable fit to the observations. The mode in the joint PDFs of liquid and ice exists only because the liquid PSD width is specified and set equal to zero. Once the width parameter is allowed to vary, there is no preference for a specific set of values of liquid modal diameter and number. A large number of combinations of gamma distribution width, modal number, and diameter will fit the observations and as such there will be no localized mode in the PDF.
Note that the localized mode is also eliminated when the mass-dimensional parameters are varied (Fig. 9e) . Changing a m and b m changes the assumed ice-particle FIG. 8 . Retrieved PDF of liquid PSD using observations of radar reflectivity, Doppler velocity, and microwave radiometer Tb and allowing variability in (a),(d),(g) ice and liquid gamma width parameters; (b),(e),(h) mass-dimensional parameters for ice; and (c),(f),(i) both. As in Figs. 5 and 6, white dot-dashed, dashed, solid, and dotted lines correspond to the 99.7%, 95%, 68%, and 38% probability contours, respectively.
shape. This has absolutely no effect on either the microwave radiometer Tb or radar reflectivity because of our experimental design, but significantly affects the Doppler velocity (Fig. 7) . What this reveals is that it is not only the PSD but also the particle shape that is the cause of the localized mode in LWC/N liq . If ice crystal shape is allowed to vary, the fall velocities respond accordingly. With fixed gamma distribution width and crystal shape and large liquid droplets, Doppler velocity can only be satisfied over a small range of liquid particle modal diameters. Once the crystal shape is allowed to vary, an additional degree of freedom is introduced into the system and the localized mode in the probability distribution disappears.
The fact that a localized mode (and hence a nonunique solution) is produced when the system is placed under tighter constraints is a result that might not have been expected a priori, and it is one of the reasons a detailed examination of the retrieval probability structure is useful. FIG. 9 . As in Fig. 8 , but for the ice water content and number density.
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Summary and conclusions
This paper provides an analysis of the probability structure associated with a combined surface-based radar and passive microwave radiometer retrieval of a bimodal cloud particle size distribution for a case of snowfall from a mixed-phase orographic cloud. While optimal estimation type retrievals have been used to retrieve the PSD parameters of interest for combined active-passive observing systems, the true nature of the solution space has remained unknown. The nature and degree of constraint of snowfall retrievals by radar and/ or microwave radiometer observations has also been unclear. Characterization of the full solution space allows an evaluation of the robustness (or lack thereof) of optimal estimation retrievals, and evaluation of the sources of uncertainty and their effect on the resulting retrieval. Markov chain Monte Carlo methods produce a Bayesian sample of the retrieval solution space, and are more efficient than multivariate brute force perturbation and more complete than one-at-a-time response function analysis. This paper focused specifically on an MCMC-based exploration of the solution space associated with a surface-based combined W-band radar-low-frequency microwave radiometer brightness temperature retrieval of cloud properties for a case of orographic snowfall observed during the StormVEx field campaign. Threelayer liquid and snow water content and number were retrieved from 94-GHz radar and 23-and 31-GHz microwave radiometer Tb observations, and the successive addition of observational constraints provided information as to whether a radar-only retrieval is capable of constraining the liquid and ice particle size distributions. The effect of variability in PSD parameters and in the ice crystal shape on the retrieval solution was also assessed.
The major conclusions of this study are the following: 1) W-band radar reflectivity alone is insufficient to constrain the ice PSD; at minimum Doppler velocity is needed if a unique solution is to be obtained. 2) If Doppler velocity is included as an observable, radar-only ice retrievals may return a robust solution, provided the mass-dimensional relationships are well constrained. Retrieval of liquid cloud properties requires observations of microwave radiometer Tb, but in the case of low-frequency microwave radiometer observations there remains a nonunique relationship between number and liquid water content. 3) When the constraint on the assumed gamma distribution width parameter is relaxed, the retrieval may still be able to produce a unique solution, but the solution mode will differ from that obtained with a specified value. 4) When assumed mass-dimensional parameters are allowed to vary, the retrieved liquid and ice water path and number become far less certain, and retrieval of a single unique value is rendered more difficult. 5) In select cases, specification of the mass-dimensional parameters and the PSD width produces a nonunique solution that does not exist when these parameters are allowed to vary. Specifically, when the gamma distribution width is set equal to zero and the massdimensional parameters are fixed, a combination of a small number of large liquid cloud droplets with generally small ice particles provide a fit to the combined radar and microwave radiometer observations over a very narrow range. The large sensitivity of the observations to small changes in the liquid particle size distribution in this region of the solution space leads to the production of a highly localized solution mode that disappears when gamma distribution width and ice crystal shape are allowed to vary. This study illustrates the importance of a rigorous exploration of the retrieval solution space, and indicates that care is needed when interpreting the results of radar-only and combined radar-passive cloud property retrievals. This is especially true when the empirical parameters describing the ice crystal habit are specified, if a priori information is not available to actually constrain those parameters. The results also illustrate the important role of prior knowledge in optimal estimationtype retrievals. In those cases for which MCMC returned a multimode (nonunique) solution, prior knowledge could serve to restrict the solution space to a unique set of PSD parameters. However, global specification of prior information is a difficult exercise at best, and at worst may lead to the retrieval of the wrong set of PSD parameters when the solution space is by nature nonunique.
In closing, it is appropriate to point out a number of limitations to the current study. First, the temperature profile was obtained from a nearby sounding and was not allowed to vary as part of the retrieval. Undoubtedly, variability in temperature would have had an effect on the microwave radiometer Tbs as well as a (small) effect on the retrieved Doppler velocity, which exhibits a weak dependence on the air density. Averaging of the observations into three broad layers had an unknown effect on the retrieval error characteristics. While it may be reasonable to expect that averaging (as a smoothing operator) leads to smaller noise in the solution, this does not necessarily mean that the uncertainty is reduced. Additional retrieval error is also present because radar attenuation was not represented in the radar forward model, and changes in the ice particle shape were not functionally related to changes in the radar reflectivity. While many in situ analyses of hydrometeor populations indicate a gamma function provides a close match to observed particle size distributions, the assumption that PSDs adhere to any particular functional form introduces additional (and unknown) uncertainties into the retrieval. It should also be emphasized that the results reported here are preliminary, as the analysis has only been applied to a single vertical profile on a single case day. In the near future, we plan to explore the characteristics of the solution space for a time series of profiles, as well as for other case days observed during the StormVEx field campaign.
Last, and perhaps most significant, it should be emphasized that the results and conclusions presented in this study are only applicable to the particular observations, forward models, and physical environment we have chosen. Much of the nonuniqueness observed in the posterior PDFs may not exist for other cloud system types; and in particular for bimodal liquid PSDs. In addition, it is expected that high-frequency microwave radiometer observations (far more sensitive to scattering from ice crystals) may provide enough unique information to constrain aspects of the snow PSD. The use of multifrequency radar observations and use of observations of Doppler spectral width would also likely render a unique solution for many of the parameters studied here. Of course, the converse is also true; in other types of ice cloud, W-band reflectivity and Doppler velocity may not be sufficient to uniquely constrain the retrieval of ice content and number. While we view the methodology and results to be robust for our chosen case, care must be taken not to assume these results apply globally to all cloud systems. We are currently using the framework described above to explore retrieval sensitivity to forwardmodel assumptions, potential increase in information provided by other sensors, and the error characteristics of retrieved PSDs for other cloud system types. 2bm and a A has cgs units of cm 2 cm 2bm . For liquid hydrometeors, these relationships are, of course, known. However, for ice-phase hydrometeors, these relationships vary substantially and represent one of the principal sources of uncertainty in retrieval algorithms as discussed above. A large body of literature is devoted to documenting these relationships using direct single particle measurements of mass and size (e.g., Locatelli and Hobbs 1974; Pruppacher and Klett 1978) , by inferring their relationships from bulk measurements of independently observed mass combined with PSD measurements Szyrmer and Zawadzki 2010) , or from theoretical particle reconstructions Schmitt and Heymsfield 2010) .
Using the notation described above, where subscript i represents either small (s: typically representing cloud) or large (l: typically representing precipitation) particle modes, the microphysical parameters of interest are 1) the total particle number concentration with cgs units of per centimeter cubed:
2) the volume extinction coefficient taken to be 2 times the total cross-sectional area with cgs units of per centimeter:
3) the water content with cgs units of grams per centimeter cubed:
and 4) the effective radius is defined as the areaweighted mean size (Hansen and Travis 1974) with cgs units of centimeters:
where A total 5 b ext /2 5 Ð a A D b A N(D) dD. The precipitation rate in quiet air depends on the hydrometeor terminal velocity power law, V f (D) 5 a y D b y , which is, in turn, dependent on the hydrometeor area to mass ratio, air density, and an empirical relationship between Reynolds number and Best number (Mitchell and Heymsfield 2005) . Following our approach to calculating the Doppler velocity (appendix B), and recognizing that a single power-law relationship is unable to adequately describe V f (D) over the full PSD size range, we derive unique power-law relationships for a discrete number of size ranges, i. The precipitation rate with cgs units of centimeters per second can then be expressed as 
where P is the incomplete gamma function (see appendix B), t 2 5 D max,j /D i and t 1 5 D min,j /D i , and from D min,j to D max,j is the range over which the jth power law is valid. Conversions of the cgs precipitation rate units to millimeters per hour and per day are accomplished by multiplying P i by 36 000 and 864 000, respectively.
APPENDIX B
The Radar Forward-Model Equations Doppler moments: To calculate the quiet air (i.e., no mean vertical motion and no turbulence) Doppler moments at radar wavelength l across all of the discrete size increments, j valid from D min,j to D max,j , we assume that the radar backscatter cross section b can be described by a power law in that size range-b j (D) 5 a b,j D bb,j . Then, when multiplied by a particle size distribution n(D), integrated from D min,j to D max,j , and summed across all size increments j, the liquid water equivalent radar reflectivity factor Z e can be expressed as Z e 5 (10 8 3 l 4 /p 5 jK w j 2 )h, where h 5 å i å j h i,j j Dmax,i,j D min,i,j and subscript i is taken to denote the particle size distribution mode. The factor 10 8 converts cgs units to millimeters to the sixth power per meter cubed, and h i,j j 
The integrals can then be solved analytically: 
where P is the incomplete gamma function. The quiet-air Doppler velocity is the radar backscatterweighted fall speed,
which can be approximated within the discrete backscatter cross-section size ranges for each particle mode using a methodology equivalent to that used in the derivation of Eq. (B2) after assuming that the particle fall speeds within the size ranges can be expressed in terms of a power law V f (D) 5 a y D b y . The power-law relationship is derived by first calculating V f over a size interval j using the assumed mass-and areadimensional relationships and the air density as input to the fall speed algorithm of Mitchell and Heymsfield (2005) . A straight line is then fit to the logarithm of the fall speed as a function of the logarithm of size over the size interval j to estimate a y and b y . Then we can express the Doppler velocity as follows: 
where the prefactors and exponents of the power laws all vary with j. Higher-order moments of the Doppler spectrum can also be derived, although it is usually more convenient to compute them directly from the computed Doppler spectrum that arises from the combination of the small and large particle size distribution modes convolved with air motions.
Doppler spectrum
Because, in most applications of the radar forward model, we are interested in multimodal PSDs existing within turbulent air motions that include mean ascent or descent of air within the radar sample volume, it is often more convenient to deal directly with simulated Doppler spectra. While mean air motions cause a quiet-air spectrum to be translated in velocity, turbulence causes the spectrum to broaden and must be calculated by formally convolving the quiet-air Doppler spectrum with the turbulent PDF (Gossard 1994) . We approach this problem in a manner identical to the development in Deng and Mace (2006) , except that we adopt the bimodal PSD described by the modified gamma function above, and we allow for the radar backscatter cross sections and fall speed power laws to vary as a function of size. With these adaptations, Eqs. (8) and (9) of Deng and Mace (2006) are solved numerically for each PSD mode, and the backscattered power in each velocity bin is given by the sum of the backscattered power from each PSD mode.
